Inner angle of triangle made of consecutive three points on unit circle is investigated. We use two methods to plot points. One is plotting random numbers whose distribution is uniform. Another is plotting consecutive numbers obtained by a map which generates complex chaotic sequences with constant power. We focus on an inner angle at the middle point in consecutive three points. An angle for chaotic sequence is found to be different from one for uniform random sequence.
Introduction
Several solvable chaos models are proposed and investigated [1] [2] [3] . Using these models, many properties of chaos are newly found. These solvable models also enable us to investigate performances of applications using chaotic properties [4] [5] [6] . However, it is still difficult to judge whether the observed data are chaotic data or pure random data. This problem, even now, attracts many researchers' interests.
On the other hand, many chaotic sequences are proposed to be used as spreading sequences in Code Division Multiple Access (CDMA) which is one of radio data transmission techniques [5] [6] [7] [8] [9] . Many researchers who have investigated chaos focused on how to use these chaotic properties in telecommunication systems. These days, complex chaotic spreading sequence with constant power was proposed to be used in CDMA [9] and its performance is investigated [6] . Each of the real and imaginary parts is a chaotic sequence and the invariant measure is already known. In addition, one of the unique features of this complex chaotic sequences is to realize the constant power. It means that, in complex plane, data of the complex chaotic sequence are put on the unit circle.
In this paper, we investigate differences of properties between chaotic number sequences and random number sequences. For this aim, we focus on an inner angle of triangle made of consecutive three points on unit circle. Particularly, an inner angle at the middle point of consecutive three points is focused on. Here, we use two methods to plot points. One is plotting points on unit circle randomly and uniformly. Another is plotting points obtained by a map which generates complex chaotic sequence with constant power mentioned above. This is one of the solvable chaotic models. The details of this chaotic sequence are mentioned below. We compare an angle for chaotic points with one for uniform random points.
Complex chaotic sequence with constant power
Complex chaotic sequence with constant power can be obtained by the Chebyshev polynomial [6, 9] .
First, we consider the real part of this sequence. The Chebyshev chaotic sequence X j is well known as follows:
Here, T p (x) is the p-th order Chebyshev polynomial defined by
and j is time or position in this sequence. It is known that this Chebyshev map is ergodic and it has an ergodic invariant measure given by
It satisfies the orthogonal relation where δ i,j is the Kronecker delta function. A Lyapunov exponent of the sequence generated by T p (x) is given by log p. Next, we consider the imaginary part sequence which realizes a constant power of the complex chaotic sequences with the above real part. The imaginary part is obtained by the following map:
where
p and φ are the same as those of real part. Finally, the complex chaotic sequence Z p,j is defined as
Here, sequence X p,j generated by the Chebyshev map is set at the real part and Y p,j is done at the imaginary part. The signal power of this complex sequence is given as
This means that these complex sequences have the constant signal power, namely unity 1. The imaginary part Y p,j has the same invariant measure as X p,j . Eventually, this complex chaotic sequence Z p,j can also be described simply as
whose invariant measure is given by the following uniform measure: Fig. 1 shows one example of this sequence on complex plane, whose order is p = 6 and length is 100. It is found that each of the data in this sequence is on unit circle. It means that this sequence realizes the constant power. In focusing on the consecutive three points, namely Z i−1 , Z i and Z i+1 , the objective inner angle in this step is α. The inner angle α ′ in next step is obtained by the next consecutive points, namely Z i , Z i+1 and Z i+2 .
Inner angle of triangle made of consecutive three points on unit circle
The inner angle which we focus on here is defined as follows. We plot points consecutively on the unit circle under each of two procedures as were mentioned in the above section. Then, we make a triangle by using consecutive three points, namely △Z i−1 Z i Z i+1 . The angle which we focus on here is the inner angle at the middle point of consecutive three points, namely α = ∠Z i . Fig.  2 shows an example. We investigate an expected value of this angle.
First, we investigate the case where points on the unit circle are plotted randomly and uniformly. Here, we set an angle between the segments OZ i−1 and OZ i+1 as θ. This value takes a positive value in a counterclockwise direction from OZ i−1 to OZ i+1 . By using the angle θ, the angle α can be represented as follows:
where these expressions about α consist in the case these points are in order
respectively. Using these relations, the expected value of α when the central angle is θ, namely α θ , is obtained as
Finally, under the assumption that points are uniformly distributed on the unit circle, the expected value α can be calculated as follows:
On the other hand, we investigate this value in the Table 1 . Table 2 .
case where points generated by the map, namely (9), are plotted. Instead of investigating properties in this chaotic map, we investigate the following Bernoulli map:
Here, x is a real number in [0, 1), p is an integer number, and ⌊·⌋ is a floor function. The quantity x in (14) and the angle φ in (9) satisfy the following relation: φ = 2πx. The points Z p,i−1 , Z p,i and Z p,i+1 correspond to real numbers x, f p (x) and f 2 p (x) = f p (f p (x)), respectively. The angles θ p and α p obtained by using these points x, f p (x) and f 2 p (x) can be defined as functions of x. Similarly as (11), we can find the following relation:
Considering the order of the points Z p,i−1 , Z p,i and Z p,i+1 and the corresponding magnitudes of the real values x, f p (x) and f 2 p (x), these cases can be classified into six cases. Tables 1 and 2 show the values of θ p (x) and α p (x) in these six cases. Using these relations, we can write out dynamics of these three points and the dynamics of α p while the point x starts from 0 to 1. Figs. 3-(a) and (b) show these dynamics for p = 3. As was shown in Fig. 3-(a) , the dynamics of the points x, f p (x) and f 2 p (x) for arbitrary p can be represented as
respectively. Here j = 0, 1, . . . , p − 1, i = 0, 1, . . . , p 2 − 1 and 0 ≤ y ≤ 1. Since the point x is distributed uniformly in [0, 1), the expected α p can be obtained by
It means that we can obtain that value as sum of the area for α p (x) in Fig. 3-(b) . For example, in the case where p is set at 3 shown in Fig. 3 , the expected value of α p is given as
From this result, it is found that the angle α p in the case where three points are given by the map (14) for q = 3 is different from the one in the case where these points are set randomly. Focusing on these figures for the arbitrary p, we can find several relations. From the figures which shows the dynamics of the three points like Fig. 3-(a) , it is found that there are points where three points take the same value, namely a triplet point. We can find that the permutation among these three points is reset at this triplet point. By using (16)- (18), it can be obtained that triplet points appear (p − 1) times except a starting point. Compared with this, the dynamics of α p is also found to be cyclic whose period is 1/(1 − p). When x is equal to the integral multiple of 1/(1 − p), three points take the same value as it should be. It means that focusing on the dynamics of α p in one period only is sufficient to investigate the whole of that. It is also found that focusing on the dynamics for the parameter j = 0, i = 0, 1, . . . , p is sufficient to investigate. Furthermore, we focus on each of "V"-shape areas in one period in the figure about the dynamics of α p . A dot-line box in Fig 3-(b) represents one part where one "V"-shape covers. This part is defined between x ′ i and x ′ i+1 where the dynamics of f p (x) and f 2 p (x) cross i-th and (i + 1)-th, respectively. The dynamics of f p (x) and f 2 p (x) cross p times except a starting point in one period. The quantity x ′ i is obtained as
Using the tables and (18), the left-side and right-side lines in the "V"-shape can be obtained as
respectively. A point where α p is equal to zero in the "V"-shape appears when the dynamics of x and f 2 p (x) cross. This point x ′′ i is obtained as
It is found that one point x ′′ i appears inevitably between the points x ′ i and x ′ i+1 . This relation can be obtained as follows. We set lengths h and k as the distances |x
Since p ≥ 2, (h − k) is always positive. From the above results, it is found that the dynamics of α p is represented by the consecutive "V"-shapes like Fig. 3-(b) . Area of one "V"-shape, namely S i , is given by
Finally, since p "V"-shapes are contained in one period and (p − 1) periods are included in [0, 1), the total area of α p /2π in [0, 1), namely S, is obtained as
It means that α p is given by
From these results, it is found that this α p for the chaotic map (14) is obviously different from α for the uniform random plotting, namely (13). In addition, it is also found that α p in the limit p → ∞ is equal to α for the uniform random plotting.
Conclusions and discussions
In the present paper, we have focused on an inner angle generated by consecutive three points on unit circle. Here, we have used two methods to plot three points on unit circle. One is plotting random number distributed uniformly on the unit circle. Another is plotting the points obtained by the map which can generate the complex chaotic sequence with constant power. Instead of using this chaotic map, the Bernoulli map can be used for this investigation. We have calculated the expected angles in both cases. In particular, we obtained the analytical expression of the angle in the case where the Bernoulli map for arbitrary p is used. We have found that the angle obtained from chaotic map is different from the one from the uniform random numbers. In addition, using the analytical expression of the angle, we have also found that the angle for the chaotic map approaches asymptotically to the one for uniform random numbers. The former angle in the limit p → ∞ is equal to the latter.
Previously, we investigated performance of the above chaotic sequences with constant power as the spreading sequences in the complex CDMA which is one of the data transmission technique [6] . In [6] , Signal-to-Interference Ratio (SIR) which is one of the values to evaluate the performance is calculated analytically. Then, we found that SIR in the case where the chaotic sequences are applied is the same with the one where the uniform random numbers are applied. However, these results in the present paper show the differences about properties between the chaotic number sequence and random number sequence. These days, many methods are proposed for judging whether the observed sequences are chaotic or purely random. However, the judgment only by these methods is still difficult. This property about the inner angle investigated here has a potential for this judgment. The frequency of appearance of the six cases shown in Tables 1 and 2 for the consecutive three points is considered as essential to show differences. The judgment by this property with other conventional methods would be investigated as a future work.
